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Diffusion and rectification of Brownian particles powered by a rotating wheel are numerically in-
vestigated in a two-dimensional channel. The nonequilibrium driving comes from the rotating wheel,
which can break thermodynamical equilibrium and induce the directed transport in an asymmetric
potential. It is found that the direction of the transport along the potential is determined by the
asymmetry of the potential and the position of the wheel. The average velocity is a peaked function
of the angular speed (or the diffusion coefficient) and the position of the peak shifts to large angular
speed(or diffusion coefficient) when the diffusion coefficient (or the angular speed) increases. There
exists an optimal angular speed (or diffusion coefficient) at which the effective diffusion coefficient
takes its maximal value. Remarkably, the giant acceleration of diffusion is observed by suitably
adjusting the system parameters. The parameters corresponding to the maximum effective diffusion
coefficient are not the same as the parameters at which average velocity is maximum.
PACS numbers: 05. 40. -a, 82. 70. Dd
I. INTRODUCTION
Thermal noise induced by random collision of the liq-
uid molecules is usually an obstacle for controlling par-
ticle flow at nanoscopic scales. However, in a ratchet
system, Brownian particles can move in a periodic struc-
ture with nonzero macroscopic velocity in the absence of
macroscopic force on average[1, 2]. Experimental realiza-
tions of ratchets are spread over many different fields of
physics [3, 4], chemistry [5, 6], and biology [7] where the
nonequilibrium fluctuations may be intrinsic to it (e.g.,
nonthermal noise), or external to the system (e.g., in-
duced by an experimentalist). Besides fundamental in-
terest in biology because they play a role in biological
protein motors[8], these devices have also attracted great
interest as the basic working principle of practical de-
vices. Therefore, the implications of rectification has at-
tracted the interest of researchers in a variety of fields,
ranging from biology to nanoscience, due to its relevance
in the transport and motion at small scales.
Usually, the ratchet setup requires three critical in-
gredients [9]: (1)asymmetry (spatial and/or temporal),
which can violate the left-right symmetry of the re-
sponse), (2)nonlinearity, it is necessary since the system
will produce a zero mean output from zero-mean input in
a linear system, and (3)a zero-mean nonequilibrium driv-
ing, it should break thermodynamical equilibrium, which
forbids appearance of a directed transport due to the Sec-
ond Law of Thermodynamics. Depending on the type
of the nonequilibrium driving, ratchet devices fall into
four categories. (a)Tilting ratchets, where the nonequi-
librium driving is either an unbiased periodic force or
an unbiased stationary random process, such as rock-
ing ratchets[10, 11], fluctuating force ratchets[12] and so
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on. (b)Pulsating ratchets, where the substrate poten-
tial was modulated by the time-dependent periodic pro-
cess, such as on-off ratchets[13, 14], fluctuating potential
ratchets[15], traveling potential ratchets[16, 17] and so
on. (c)Coupled ratchets [18–20], where collective effects
arise when several copies of single ratchet system inter-
acts with each other. (d)Self-propelled ratchets[21–28],
where active particles interact with an asymmetric sub-
strate, a net directed motion can arise even without ex-
ternal driving, for example active swimmers can be recti-
fied in a two-dimensional periodically compartmentalized
channel[23]. In these ratchet systems, the nonequilibrium
driving can break thermodynamical equilibrium and in-
duce the directed transport.
In most ratchet systems, the nonequilibrium driving
directly acts on each particle. However, in some situa-
tions, the nonequilibrium driving indirectly acts on each
particle (such as the temperature gradient driving and
the driving from local turbulent medium), where the
nonequilibrium driving is transferred from the driving
source to each particle through the interactions between
particles. Therefore, it would be interesting to study the
nonequilibrium transport of the interacting particles in
the presence of a local driving source. In this paper,
we propose a different ratchet mechanism, where the
nonequilibrium driving comes from the rotating wheel.
The driving force was transferred from the rotating wheel
to Brownian particles, which can break thermodynami-
cal equilibrium and induce the directed transport in the
asymmetric potential. We focus on finding how the sys-
tem parameters affect the rectification and diffusion of
Brownian particles.
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FIG. 1. (a) (Color online) Schematic of the rotating wheel
motor: Brownian particles (blue disks) driven by the rotating
wheel with angular speed Ω and moving in a straight periodic
channel with width Ly and period Lx. Periodic boundary
conditions imposed in the x-direction and hard wall boundary
conditions in the y-direction. The wheel is composed of three
paddles and each paddle consists of np paddle particles (yellow
disks). The wheel is centered at the point (xc, yc) and the
angle between paddles is 2pi/3.
II. MODEL AND METHODS
We consider N Brownian particles with radius r mov-
ing in a two-dimensional straight channel with period Lx
and width Ly as showed in Fig. 1. In the channel, the
confining walls are located at y = 0 and y = Ly and par-
ticles experience a substrate potential V (x) = V (x+Lx)
along x-direction. In addition, Brownian particles are
driven by collisions with the paddles of the wheel. The
paddles rotate around the point (xc, yc) with angular
speed Ω. The wheel is composed of three paddles and
each paddle consists of np paddle particles with radius
R. The forces acting particle i from the other particles
and from the paddle particles are respectively defined as
Fi = F
x
i ex + F
y
i ey =
∑
j Fij and Gi = G
x
i ex +G
y
i ey =∑
j Gij . The dynamics of particle i is described by the
following overdamped Langevin equations
dxi
dt
= µ[F xi +G
x
i + fp(xi)] +
√
2D0ξ
x
i (t), (1)
dyi
dt
= µ[F yi +G
y
i ] +
√
2D0ξ
y
i (t), (2)
where µ is the mobility and D0 denotes the diffusion co-
efficient. Thermal fluctuations due to the coupling of
the particle with the environment are modeled by zero-
mean, Gaussian white noise ξi(t) with autocorrelation
function 〈ξαi (t)ξ
β
j (s)〉 = δαβδijδ(t− s), where α, β = x, y.
δ is the Dirac delta function and the symbol 〈...〉 denotes
an ensemble average over the distribution of the random
forces.
The particle-particle interaction and particle-paddle
interaction are assumed to be of the linear spring form
with the stiffness constant k1 and k2, respectively. Fij =
k1(2r − rij)er, if rij < 2r (Fij = 0 otherwise), and
rij is the distance between Brownian particle i and j.
Gij = k2[(r +R)− rij ]er, if rij < r +R (Gij = 0 other-
wise), and rij is the distance between Brownian particle
i and paddle particle j. In order to mimic hard parti-
cles, we use large values of k1 and k2, thus ensuring that
particle overlaps decay quickly.
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FIG. 2. (Color online) The profile of x-direction the potential
V (x) described in Eq. (3) for different values of the parameter
∆. The left side of the potential is steep for ∆ < 0 and the
right side is steep for ∆ > 0.
fp(x) is the substrate force along x-direction which
arises from a periodic potential V (x) (shown in Fig. 2).
The profile of the potential within one period is described
by
V (x) =
{
V0
L1
(L1 − x), 0 ≤ x < L1;
V0
L2
(x− L1), L1 ≤ x ≤ Lx,
(3)
where V0 is the height of the potential. The asymmetry
of the potential is defined as ∆ = (L1−L2)/Lx. The left
side of the potential is steep for ∆ < 0 and the right side
is steep for ∆ > 0.
By introducing the characteristic length and time
scales: xˆ = x
2r
, yˆ = y
2r
, tˆ = t
τ0
, and τ0 =
4r2
µV0
, Eqs.(1,2)
can be rewritten in the dimensionless forms
dxˆi
dtˆ
= Fˆ xˆi + Gˆ
xˆ
i + fˆp(xˆi) +
√
2Dˆ0ξˆ
xˆ
i (tˆ), (4)
dyˆi
dtˆ
= Fˆ yˆi + Gˆ
yˆ
i +
√
2Dˆ0ξˆ
yˆ
i (tˆ), (5)
and the other parameters are Lˆx =
Lx
2r
, Lˆy =
Ly
2r
, Rˆ = R
2r
,
kˆ1 =
4k1r
2
V0
, kˆ2 =
4k2r
2
V0
, Dˆ0 =
D0
µV0
and Ωˆ = Ωτ0. The
3periodic potential can be rewritten as Vˆ (xˆ) = 1 − xˆ/Lˆ1
for 0 ≤ xˆ < Lˆ1 and (xˆ − Lˆ1)/Lˆ2 for Lˆ1 ≤ xˆ ≤ 1, where
Lˆ1 =
L1
2r
and Lˆ2 =
L2
2r
. From now on, we will use only
the dimensionless variables and shall omit the hat for all
quantities occurring in Eqs. (4,5).
The behavior of the quantities of interest can be cor-
roborated by integration of the Langevin Eqs.(4,5) using
the second-order stochastic Runge-Kutta algorithm. Be-
cause particles are confined in the y-direction, directed
transport only occurs in the x-direction. In the asymp-
totic long-time regime, the average velocity of the parti-
cle along x-direction can be obtained from the following
formula
Vx = lim
t→∞
〈xi(t)〉
t
, (6)
and the effective diffusion coefficientDx along x-direction
can be calculated by the formula
Dx = lim
t→∞
〈[xi(t)− 〈xi(t)〉]
2〉
2t
, (7)
where the symbol 〈...〉 denotes an average over particle
number N . We use the scaled effective diffusion coef-
ficient Deff = Dx/D0 for convenience. In addition,
we define the ratio between the area occupied by par-
ticles and the total available area as the packing fraction
φ = pi(3npR
2 +Nr2)/(LxLy).
III. RESULTS AND DISCUSSION
In our simulations, we have considered more than 104
realizations to improve accuracy and minimize statisti-
cal errors. The integration step time was chosen to be
smaller than 10−4 and the total integration time was
more than 107. Unless otherwise noted, our simulations
are under the parameter sets: Lx = 24.0, Ly = 16.0,
xc = Lx/2.0, yc = Ly/2.0, k1 = 100.0, k2 = 500.0,
R = 0.5, N = 60, and np = 6. We vary the parame-
ters and measure the average velocity and the effective
diffusion coefficient of Brownian particles.
A. Longitudinal direction rectification and diffusion
We firstly discuss the dependence of directed transport
on the asymmetry of the potential for the case of Ω > 0.
The average velocity Vx as a function of the asymmetric
parameter ∆ is shown in Figs. 3(a) and 3(b). It is found
that average velocity Vx is positive for ∆ < 0, zero at
∆ = 0, and negative for ∆ > 0. When the potential is
completely symmetric (shown in the middle panel of Fig.
2), the probabilities of crossing right and left barriers are
the same, so the average velocity on average is equal to
zero. When ∆ < 0, the left side from the minima of the
potential is steeper (shown in the top panel of Fig. 2),
it is easier for particles to move toward the slanted side
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FIG. 3. (Color online)Average velocity Vs as a function of
the asymmetric parameter ∆. (a)For different values of Ω at
D0 = 1.0. (b)For different values of D0 at Ω = 4.0.
than toward the steep side, so particles on average move
to the right (Vx > 0). Similarly, particles on average
move to the left (Vx < 0) when ∆ > 0. Therefore, the
asymmetry of the potential determines the direction of
the transport.
Figure 4(a) shows the average velocity Vx as a function
of the angular speed Ω for different values of D0. The
curves are observed to be bell shaped, which show the
feature of resonance. When Ω → 0, the paddles rotate
very slowly, the nonequilibrium driving from the paddles
can be neglected and the ratchet effect disappears, thus
Vx tends to zero. When Ω→∞, the paddles rotate very
fast, the whole wheel can be regarded as a rotating hard
disk and particles cannot enter the region of wheel, parti-
cles cannot obtain the driving force from the paddles, so
the average velocity goes to zero. Therefore, there exists
an optimal value of Ω at which the average velocity Vx
takes its maximal value. In addition, the position of the
peak shifts to large Ω when D0 increases.
Figures 4(b) and 4(c) describe the scaled effective dif-
fusion coefficient Deff a function of the angular speed Ω
for different values of D0. The most important feature is
the peak near the critical angular speed Ωc, which gets
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FIG. 4. (a) (Color online)(a) Average velocity Vx as a function
of the angular speed Ω for different values of D0 at ∆ =
−0.5. (b)and (c) Scaled effective diffusion coefficient Deff as
a function of the angular speed Ω for different values of D0
at ∆ = −0.5.
more and more pronounced as D0 decreases. Interest-
ingly, when D0 < 1.0 (shown in Fig. 4(b)) the giant ac-
celeration of diffusion is observed at the critical Ωc, which
is a universal phenomenon predicted by the theoretical
analysis [29, 30]. The basic physical mechanism behind
this effect may be explained as follows. When D0 is small
(D0 < 1.0, e.g. 0.15), particles become trapped between
potential barriers, the particle-paddle interaction domi-
nates the diffusion. In this case, at the critical Ωc, parti-
cles can be thrown out from the minima of the potential
and can diffuse quickly through the potential, which leads
to a large value of De. Therefore, the scaled effective dif-
fusion coefficient Deff = De/D0 is much larger than 1,
which indicates the giant acceleration of diffusion. In ad-
dition, the angular speed corresponding to the maximum
effective diffusion coefficient Deff is not the same as the
angular speed at which average velocity Vx is maximum.
Note that in the previous works[29–33] the giant accel-
eration of diffusion usually appears in a tilted periodic
potential, however, in the present system the appearance
of the giant acceleration of diffusion cannot require a con-
stant force.
Note that the rotation of the wheel in the present
system can create the turbulence and in the turbu-
lent medium the effective coefficient of turbulent ther-
mal diffusion[34]can be obtained from the approximate
method. Here, we use an alternative approximate
method to obtain the the bulk diffusivity of Brownian
particles driving by the rotating wheel. In the bulk
case, particles in the present system can be approxi-
mately seen as active particles undergoing a constant
speed v0 (∝ Ω) and additionally driven by a random
torque with the mean value Ω. Following the approach
in Ref. [35], we can approximately obtain the bulk diffu-
sivity Dbulk = D0+
aD0Ω
4
D2
0
+bΩ6
, where the positive variables
a and b depend on the other parameters of the system.
The bulk diffusivity Dbulk tends to D0 when Ω → 0 or
Ω→∞, thus the bulk diffusivity Dbulk of Brownian par-
ticles is a peaked function of the angular speed Ω which
can be confirmed by the numerical simulations.
Figure 5(a) shows the average velocity Vx as a function
of the diffusion coefficient D0 for different values of Ω. It
is found that average velocity is a peaked function of
the diffusion coefficient. When D0 → 0, particle cannot
pass across the barrier of the potential, so there is no net
current. When D0 → ∞, the potential can be neglected
and the ratchet effect disappears, so the average velocity
goes to zero. Therefore, there exists an optimal value of
D0 at which the average velocity Vx is maximal. Similar
to Fig. 4(a), the position of the peak shifts to large D0
when Ω increases.
Figure 5(b) describes the scaled effective diffusion co-
efficient Deff a function of the diffusion coefficient D0 for
different values of Ω. It is noted that the scaled effective
diffusion coefficient as a function of D0 exhibits a pro-
nounced resonance peak in the curves. When D0 → 0,
particles are trapped in the valley of the potential, so
Deff tends to zero. When D0 → ∞, the potential can
be neglected and particles diffuse freely, Dx tends to D0,
so Deff → 1. There exists a finite value of D0 at which
Deff takes its maximal value. The most remarkable fea-
ture is the huge enhancement of diffusion at Ω = 20.0,
where the scaled effective diffusion coefficient is equal to
6.7 at D0 = 0.2. Note that D0 corresponding to the max-
imum effective diffusion coefficient is not the same as D0
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FIG. 5. (a) (Color online)(a) Average velocity Vx as a func-
tion of the diffusion coefficient D0 for different values of Ω at
∆ = −0.5. (b) Scaled effective diffusion coefficient Deff as a
function of the diffusion coefficient D0 for different values of
Ω at ∆ = −0.5.
at which average velocity is maximum, which is similar
to the mismatch between optimal rectification speed and
diffusion in Ref. [36].
To study in more detail the dependence of the average
velocity on Ω and D0, we plotted contour plots of average
velocity Vx as a function of the system parameters Ω and
D0 in Fig. 6. It is found that the average velocity tends
to zero whenD0 (Ω)→ 0 or∞. There exist finite values of
D0 and Ω where average velocity takes its maximal value.
Moreover, the position of the peak shifts to large D0 (or
Ω) when Ω (or D0) increases. Therefore, the optimal
D0 and Ω can facilitate rectified transport of Brownian
particles.
Figure 7(a) describes the dependence of the aver-
age velocity on the packing fraction for two differ-
ent cases:(I)particles can easily pass across the barrier
(D0 = 1.50 and Ω = 4.0) and (II) particles cannot eas-
ily pass across the barrier(D0 = 0.15 and Ω = 1.0).
An increase of the packing fraction can cause two re-
FIG. 6. (Color online)Contour plots of the average velocity Vx
as a function of the system parameters Ω andD0 at ∆ = −0.5.
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FIG. 7. (Color online)(a)Average velocity Vx as a function
of the packing fraction φ at ∆ = −0.5. (b)Scaled effective
diffusion coefficient Deff as a function the packing fraction φ
at ∆ = −0.5.
6sults: (A)activating motion in an analogy with the ther-
mal noise activated motion for a single stochastically
driven ratchet, which facilitates the ratchet transport and
(B)reducing the mobility of particles, which blocks the
ratchet transport. For case I (D0 = 1.50 and Ω = 4.0),
particles can easily pass across the barrier, the factor B
always dominates the transport, thus the average veloc-
ity Vx decreases monotonically with increasing φ. For
case II (D0 = 0.15 and Ω = 1.0), when the packing frac-
tion increases from zero, the factor A first dominates the
transport, so average velocity increases with the packing
fraction. However, when the packing fraction become
large, the factor B dominates the transport, thus average
velocity decreases with increasing φ. Therefore, for case
II, there exists an optimal value of φ at which the average
velocity takes its maximal value. Similar to Fig. 7 (a),
the effective diffusion coefficient decreases with increas-
ing φ for case I and the effective diffusion coefficient is a
peaked function of φ for case II (shown in Fig. 7 (b)).
B. Dependence of rectification on Ly, k1, and xc
In order to present more comprehensive information
on the rectification, we study the effects of the parame-
ters Ly, k1, and xc on the rectification for different cases.
The dependence of the average velocity Vx on the pa-
rameter Ly is shown in Fig. 8(a). In the present system,
the length of each paddle is 6 and Ly must be larger
than 12. On increasing Ly from 12, the average velocity
Vx decreases monotonically, and finally tends to zero for
large Ly. When Ly →∞, most of particles do not inter-
act with the paddles and particle-paddle interaction be-
comes insignificant, thus the nonequilibrium driving can
be neglected. Therefore, the ratchet effect disappears
and average velocity tends to zero.
The role of inter-particle interaction on rectification is
shown in Fig. 8(b). The repulsive interaction between
particles can (A)disperse Brownian particles (facilitat-
ing the directed transport) or (B)reduce the mobility of
particles(blocking the ratchet transport). When parti-
cles can easily pass across the barrier (D0 = 1.50 and
Ω = 4.0), the factor A dominates the transport, thus
the average velocity Vx increases with k1. When parti-
cles cannot easily pass across the barrier (D0 = 0.15 and
Ω = 1.0), the factor B determines the transport, so the
average velocity Vx decreases with increase of k1. Due to
short range of the steric repulsive force, on increasing k1
from large value (e. g. 100), the average velocity does
not change.
In the above discussion, the wheel is arrayed at the
center of the channel (xc = 12.0), the position of the
wheel in one substrate cell is symmetric. Figure 8(c)
describes the dependence of rectification on the position
of the wheel for different values of ∆. Because the whole
wheel must be in one substrate cell, the position xc of the
wheel must be greater than 6 and less than 18. When
the potential is symmetric (∆ = 0), it is found that Vx
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FIG. 8. (Color online)(a) Average velocity Vx as a function
of the length Ly for different values of D0 at ∆ = −0.5 and
Ω = 4.0. (b) Average velocity Vx as a function of the stiff-
ness constant k1 at ∆ = −0.5. (c) Average velocity Vx as a
function of xc at Ω = 4.0 for different values of ∆.
is positive for xc > 12, zero at xc = 12, and negative
for xc < 12. When xc = 12, both the potential and
the position of the wheel are symmetric, no rectification
occurs. When xc > 12, particles can easily pass across
the barrier from the right, thus Vx is positive. Similarly,
particles easily move to the left (Vx < 0) when xc <
12. When both the potential and the position of the
7wheel are asymmetric, the competition between these two
asymmetries determined the direction of the transport.
For example, when ∆ = −0.5, on increasing xc from 6
to 18, the average velocity Vx can change its direction.
Therefore, as for the asymmetric potential, varying the
position of the wheel is another way of inducing a net
current.
C. Transverse (y-direction) rectification
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FIG. 9. (Color online)Average velocity Vx (Vy) as a function
of the asymmetric parameter ∆ for both clockwise (Ω < 0)
and counterclockwise (Ω > 0) cases at D0 = 1.0.
In the previous section, particles are confined in the y-
direction. In order to consider the y-direction transport,
periodic boundary condition must be imposed in the y-
direction. Figure 9 shows the average velocity Vx ( or
Vy) as a function of the asymmetric parameter ∆ for
both clockwise (Ω < 0) and counterclockwise (Ω > 0)
cases. Interestingly, the directed transport occurs in the
y-direction, although the asymmetric potential is only
imposed in the x-direction. It is found that the sign of Vy
is determined by the sign of ∆Ω, Vy is positive for ∆Ω >
0, zero at ∆Ω = 0, and negative for ∆Ω < 0. This can be
explained as follows. We consider the case of Ω > 0 and
∆ < 0, where particles on average perform the circular
motion with counterclockwise direction(Ω > 0) and the
substrate force fp(x) on the left side is larger than that on
the right side(∆ < 0). Due to the left-right asymmetry
of the potential, the motion time along the right side
is significantly larger than that along the left side, so
particles on average move to the downward side (Vy < 0).
In addition, we find that Vx for the clockwise (Ω < 0)case
is exactly the same as that for the counterclockwise (Ω >
0)case, which indicates that the rotational direction of
the wheel does not affect the x-direction transport.
Finally, we discuss the possibility of realizing our model
in experimental setups. Consider a system of colloidal
particles (diameter about 1µm, suspended in an aque-
ous solution) moving in a two-dimensional channel at
room temperature. Two metallic films are deposited on
a glass substrate in a periodic but asymmetric fashion,
so that applying an ac electric field through electrodes
creates an asymmetric potential[37]. Alternatively, to
avoid electrolytic effects, the potential is created opti-
cally by strongly focusing an infrared laser beam to form
an optical tweezer[38]. The period of the potential is
chosen to be Lx ≈ 24µm and the width of the channel
is Ly ≈ 16µm. The height of the potential U0 is 2kBT ,
where kB is the Boltzmann constant and T is the tem-
perature. An uncharged wheel with three paddles (the
length is about 6µm) is arrayed at the center of the chan-
nel, which is powered by the external motor. The repul-
sive hard-core interaction is caused by the enormous in-
crease in energy when two particles overlap. The driving
force was transferred from the rotating wheel to colloidal
particles, which can break thermodynamical equilibrium
and induce the directed transport. Colloidal particles are
imaged by a high speed camera, from which the average
velocity and effective diffusion coefficient can be calcu-
lated. In the experimental setup, we can conveniently
control the angular speed and the potential.
IV. CONCLUDING REMARKS
In summary, we numerically studied diffusion and rec-
tification of Brownian particles in the two-dimensional
channel, where Brownian particles are driven by the ro-
tating wheel. It is found that the driving force can be
transferred from the rotating wheel to Brownian parti-
cles, which can break thermodynamical equilibrium and
induce the directed transport in the asymmetric poten-
tial. (1)When the wheel is located at the center of the
channel(xc = 12), the direction of transport along the
potential is completely determined by the asymmetry of
the potential. The average velocity Vx is positive for
∆ < 0, zero at ∆ = 0, and negative for ∆ > 0. The
rotational direction of the wheel does not affect the x-
direction transport. The average velocity is a peaked
function of D0 (or Ω) and the position of the peak shifts
to the large D0 (or Ω) when Ω (or D0) increases. Inter-
estingly, the giant acceleration of diffusion is observed by
suitably adjusting the values of D0 and Ω. The parame-
ters (Ω and D0) corresponding to the maximum effective
diffusion coefficient are not the same as the parameters at
which average velocity is maximum. (2)When the posi-
tion of the wheel is asymmetric in the channel (xc 6= 12),
particles can be rectified even the potential is symmetric
(∆ = 0). It is found that when the potential is symmetric
Vx is positive for xc > 12, zero at xc = 12, and negative
for xc < 12, which indicates that varying the position
of the wheel is another way of inducing a net current.
(3)When the periodic boundary condition was imposed
in the y-direction. Remarkably, the directed transport
occurs in the y-direction, although the asymmetric po-
8tential is only imposed in the x-direction. The direction
of the transversal transport is determined by the sign of
∆Ω.
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